Abstract. For a permutation f of an n-dimensional vector space V over a finite field of order q we let k-affinity(f ) denote the number of k-flats X of V such that f (X) is also a k-flat. By k-spectrum(n, q) we mean the set of integers k-affinity(f ) where f runs through all permutations of V . The problem of the complete determination of k-spectrum(n, q) seems very difficult except for small or special values of the parameters. However, we are able to establish that 0 ∈ k-spectrum(n, q) in the following cases: (i) q ≥ 3 and 1 ≤ k ≤ n − 1; (ii) q = 2, 3 ≤ k ≤ n − 1; (iii) q = 2, k = 2, n ≥ 3 odd. The maximum of k-affinity(f ) is, of course, obtained when f is any semi-affine mapping. We conjecture that the next to largest value of k-affinity(f ) is when f is a transposition and we are able to prove this when q = 2, k = 2, n ≥ 3 and when q ≥ 3, k = 1, n ≥ 2.
Introduction
It is a classical result, see, e.g., Snapper and Troyer [9] , that if V is an ndimensional vector space over a field F such that n ≥ 2 and |F | ≥ 3 then a bijection f : V → V which takes 1-flats to 1-flats is a semi-affine mapping, that is, there is an automorphism σ of F , an additive automorphism g : V → V and a vector b ∈ V such that g(αx) = σ(α)g(x) for all x ∈ V , α ∈ F and f (x) = g(x) + b for all x ∈ V .
We remark that if the automorphism σ is the identity then g is just a non-singular linear mapping and f is said to be affine. This will be the case when F has no non-trivial automorphisms. The above result is not true when |F | = 2. In this case, a 1-flat in V is just a two element subset, hence every permutation of V takes all 1-flats to 1-flats. However, the above result has an easy analog for the case |F | = 2: A permutation of V which takes every 2-flat to a 2-flat must be affine (cf. [5] ).
Let F q be the finite field with q elements and let F n q be the n-dimensional vector space over F q . In this paper, we are concerned with permutations of F n q . Let Per(F n q ) denote the group of all permutations of F n q . Recall that a k-flat (or kdimensional affine subspace) X in F n q is a coset U + x of a k-dimensional subspace U of F n q . Definition 1.1. For f ∈ Per(F n q ) and 0 ≤ k ≤ n we define k-affinity(f ) to be the number of k-flats X in F n q such that f (X) is a k-flat. We define k-coaffinity(f ) to be the number of k-flats X in F n q such that f (X) is not a k-flat.
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It is well known that the number of k-dimensional subspaces of F and the number of k-flats in F n q is given by q n−k n k q .
It follows that
k-affinity(f ) + k-coaffinity(f ) = q n−k n k q for all permutations f of F n q and all 0 ≤ k ≤ n. The cases k = 0 and k = n are trivial and we shall ignore them. Definition 1.2. For integers 0 ≤ k ≤ n and prime power q, we define k-spectrum(n, q) to be the set of values k-affinity(f ) for all f ∈ Per(F n q ). The present paper is a continuation of the second author's work [5] . In [5] , the notion of 2-affinity of permutations of F n 2 was implicitly introduced and permutations of F n 2 with 2-affinity 0 were studied. We point out that a permutation f ∈ Per(F n 2 ) with 2-affinity(f ) = 0 is an almost perfect nonlinear (APN) permutation. APN permutations arose in cryptography as a means to resist the differential cryptanalysis [2, 8] . APN permutations of F n 2 are known to exist for odd n ≥ 3 ( [2, 7] ) and not to exist for n = 4 ( [5] ). Their existence for even n ≥ 6 is an open question. For recent work on APN permutations and related topics, we refer the reader to [1, 2, 3, 4, 5] . However, we must remind the reader that this paper is not a response to any problem from cryptography. Rather, it is a pure mathematical exploration.
Our primary interest is the set k-spectrum(n, q). In particular, we would like to know if 0 ∈ k-spectrum(n, q) and what the second largest number in k-spectrum(n, q) is. (The largest number in k-spectrum(n, q) is, of course, q n−k n k q .) In Section 2, we show that with few exceptions, 0 ∈ k-spectrum(n, q). The result of Section 2 relies on an inequality involving q-binomial coefficients whose proof is given in Section 3. Hou [5] showed that 2-spectrum(4,2) is {5 -20, 22, 24 -26, 28, 30, 32, 36, 38, 44, 48, 52, 56, 76, 84, 140} where a -b denotes all integers from a to b. More examples of k-spectra are given in Section 4. In Section 5, we determine (n − 1)-spectrum(n, 2) completely. These examples and results led to the conjecture that the next to largest k-affinity is that of a transposition. We compute the k-affinity T (n, k, q) of a transposition in Per(F n q ) in Section 6. We call this conjecture The Threshold Conjecture since it says that if k-affinity(f ) > T (n, k, q) then f takes every k-flat to a k-flat. We prove that the conjecture holds for q = 2, k = 2, n ≥ 3 in Section 7 and for q > 2, k = 1, n ≥ 2 in Section 8.
When k-affinity(f ) = 0
It should be noted that there appears to be no clear relationship between kaffinity(f ) and -affinity(f ). For example, there are permutations f 1 , f 2 , f 3 , f 4 in Per(F In the following theorem, we see that with few exceptions there is a permutation f ∈ Per(F n q ) such that simultaneously k-affinity(f ) = 0 for all 1 ≤ k ≤ n − 1. Theorem 2.1.
The proof of Theorem 2.1 is spread out in parts in the rest of this section. Part (i) of Theorem 2.1 is well known. (See [3, 4] for several families of permutations of F 2m+1 2 with 2-affinity 0.) It also follows from the following example in which we compute the 2-affinity of the permutation f of F
We remark that this permutation has been discussed by Nyberg [7] in terms of differential uniformity and that our computation is slightly different from that of [7] .
We claim that 2-affinity(f ) = 0 if n is odd,
if n is even.
Suppose X ⊂ F 2 n is some 2-flat such that f (X) is also a 2-flat. Then we can write X = {x, y, z, w} where x + y + z + w = 0. Suppose first that x, y, z, and w are all nonzero. Then we have f (X) = { 
It follows that x = y or x = z or y = z which contradicts the assumption that X is a 2-flat. Thus without loss of generality we may assume that w = 0. Then X = {0, x, y, x + y}, f (X) = {0, Hence y x is a root of the irreducible polynomial g(t) = t 2 + t + 1 ∈ F 2 [t]. Therefore
It follows that n is even. So if n is odd, no such x and y exist and 2-affinity(f ) = 0.
On the other hand, if n is even, g(t) has two roots β and 1 + β in F 2 n and K = {0, 1, β, 1 + β} is the unique subfield of order 4 in F 2 n . It follows from (2.1) that y x = β or 1 + β. In both cases, X = {0, x, y, x + y}
where K * is the multiplicative group of K and xK * is a coset of the subgroup K * in F * 2 n . There are (2 n − 1)/3 cosets of K * in F * 2 n and therefore the same number of 2-flats of the form xK. Since f (xK) = 1 x K, it follows that 2-affinity(f ) = (2 n − 1)/3, as claimed.
Note that when n = 4,
= 5 is the minimum 2-affinity of permutations of
The proof of parts (ii) -(iv) of Theorem 2.1 relies on the following theorem whose proof will be given in Section 3. Theorem 2.3. Let q, m, n be integers such that n > m and q, m satisfy one of the following conditions:
The group of invertible affine transformations of F n q , i.e., the general affine group AGL(n, F q ), acts transitively on the set of all k-flats of F n q . Hence for every k-flat W , there exists α W ∈ AGL(n, F q ) such that α W (W ) = X. Let f ∈ Φ k and assume that f (W ) = Z where W and Z are k-flats. Then
Hence if q and m satisfy one of the conditions in Theorem 2.3 and n > m, we have
Thus there exists f ∈ Per(F n q ) such that f / ∈ n−1 k=m Φ k . Note that inequality (2.2) does not cover the case q = 3 and m = 1, that is, part (v) of Theorem 2.1. This case is dealt with as a corollary to the following lemma.
Lemma 2.4. Let F be any field. If the permutations f : F n → F n and g :
Proof. Assume to the contrary that there exists a 1-flat
Without loss of generality, assume that the former is the case. Thus f π 1 (X) = π 1 (f × g)(X) is a 1-flat in F n , which is impossible since 1-affinity(f ) = 0. 
Inequalities between Binomial and q-Binomial Coefficients
In this section we assume that i, k, m, n, q are integers.
which can be further rewritten as 1 Clearly,
Thus it suffices to show that
Proof. The left hand side of (3.4) equals
In this product,
(To see (3.5) , note that since q ≥ 2, we have q
The function f (q, k) is increasing with respect to k for fixed q > 1. For k ≥ 2 and q ≥ 2 or k = 1 and q ≥ 4, we have
Hence f (q, k) is increasing with respect to q for q and k in the above range. Thus, for q ≥ 4 and k ≥ 1,
for q = 3 and k ≥ 2,
for q = 2 and k ≥ 4,
For q = 2 and k = 3, (3.4) is verified directly:
Proof. Applying Lemma 3.1 to the left hand side of (3.6) n − k − 1 times and applying Lemma 3.2 after that, we get
Proof. Let g(q, k) denote the left hand side of (3.7). For fixed k ≥ 1, g(q, k) is increasing with respect to q. Also note that
which is non-negative in the described range for q and k. So, g(q, k) is increasing with respect to k in such range. Thus, for q ≥ 4 and k ≥ 1
Proof of Theorem 2.3. Let q and m satisfy one of the conditions (a) -(c) in Theorem 2.3 and let n > m. By Corollary 3.3 and Lemma 3.4, for m ≤ k < n, we have
which proves the theorem.
Examples of k-Spectra for Small Values of k, n, q
Recall that for given k, n, q, k-spectrum(n, q) = {k-affinity(f ) : f ∈ Per(F n q )}. Here we give some examples. In all cases a -b denotes all integers from a to b. Only a few of the spectra (as indicate below) are proved to be complete. The other examples are spectra obtained by random searches. In such cases it is possible but not certain that some values are missing, hence the results are called partial spectra.
The full spectrum for k = 1, n = 2, q = 3: {0 -4, 6, 12}
The full spectrum for k = 1, n = 2, q = 4:
A partial spectrum for k = 1, n = 2, q = 5: The full spectrum for k = 2, n = 3, q = 2:
{0, 2, 6, 14}
A partial spectrum for k = 2, n = 3, q = 3: {0 -9, 11 -13, 15, 21, 39}
The full spectrum for k = 2, n = 4, q = 2: Observations:
(1) From Theorem 2.1, 0 ∈ k-spectrum(n, q) for 1 ≤ k ≤ n − 1 unless k = 1, q = 2 or k = 2, q = 2 and n is even. (2) Near the beginning in each example spectrum there is a long sequence of consecutive values. For q = 2 and k = 2, there seems to be a gap preceding the first non-zero affinity. For q > 2 the limited experimental data shows no such gaps. This suggests that for q = 2, if there is one 2-flat that is carried to a 2-flat then there are a certain number of other 2-flats that must also be carried to 2-flats. (3) Preceding the largest value in k-spectrum(n,q) there appears to a gap of size 2q
. Note that this gap may be considered a threshold in the
, then f takes all k-flats to k-flats.
(n − 1)-spectrum(n, 2)
In this section, we will determine (n − 1)-spectrum(n, 2), which is the set of all (n − 1)-affinities of permutations of F n 2 . The standard dot product of a, b ∈ F n 2 is denoted by a, b . Every (n − 1)-flat in F n 2 is uniquely of the form H(a, ) := {x ∈ F n 2 : a, x = } for some a ∈ F n 2 \ {0} and ∈ F 2 . Let f ∈ Per(F n 2 ). If for some a ∈ F n 2 \ {0} and some ∈ F 2 , f H(a, ) is an (n − 1)-flat, say f H(a, ) = H(b, δ) for some b ∈ F n 2 \ {0} and δ ∈ F 2 , we must have f H(a, 1 + ) = H(b, 1 + δ). Therefore, for each such a and b, there exists φ ∈ Per(F 2 ) such that
Proof. For a 1 , a 2 ∈ V f , we prove that a 1 + a 2 ∈ V f . We may assume that a 1 = 0, a 2 = 0, and
Clearly,
Since F 2 has only two permutations, t → t or t → t + 1, we see that
. It follows that
It remains to show that for each 1 ≤ i ≤ n + 1, there exists f ∈ Per(F n 2 ) with (n − 1)-affinity(f ) = 2 i − 2.
We prove this claim by induction on n. For n = 3, the claim was established by computer as mentioned in Section 4. Assume n > 3. If i = 1, the claim follows from Theorem 2.1. Thus we will assume 2 ≤ i ≤ n+1. By the induction hypothesis, there
is an (n − 2)-flat and
is an (n − 2)-flat, g(U i ) is an (n − 2)-flat. On the other hand, given any (n − 2)-flats
\ U 1 and g(U i ), i = 0, 1, are (n − 2)-flats, both X (in (5.2) ) and f (X) are (n − 1)-flats in F n 2 . Therefore, (n − 1)-affinity(f ) = 2 + 2 · (n − 2)-affinity(g)
The proof is now complete.
Threshold Conjecture for k-Affinity
In many cases it appears that the next to largest k-affinity is the k-affinity of a transposition. We calculate this value in the following lemma. In this case it is more convenient to compute the k-coaffinity.
Proof. Assume that f interchanges x and y, where x, y ∈ F . Hence
It follows that
It is natural to call the next largest k-affinity a threshold for affinity and we make the following conjecture:
. That is, the next to largest k-affinity is that of a transposition.
This conjecture is supported by the examples in
For the proof in this section, the reader's familiarity with the Fourier transformation of boolean functions will be helpful. We first introduce the necessary notation. The set of all functions from F n 2 to F 2 is denoted by P n . Every function in P n is uniquely represented by a polynomial in F 2 [X 1 , . . . , X n ] whose degree in each X i is at most 1. Namely,
For each g ∈ P n , put |g| = |g −1 (1)|. The Fourier transform of g ∈ P n is the function
where a, x is the standard dot product in F n 2 . Clearly,
Note that for n ≥ 2, |g + a, · | ≡ |g| (mod 2), hencê
It is well known (also straightforward to prove) that
(Equation (7.2) is the Parseval identity; equation (7. 3) is a relation between the Fourier transform and the convolution of the function. Cf. [6] .
for all a ∈ F n 2 , from (7.2), we have
Combining the above with (7.3), we have
The equality in (7.4) holds if and only if ĝ(a) 2 = A or B for all a ∈ F n 2 . Lemma 7.1. Let g ∈ P n with deg g ≥ 2. Then
The equality holds if and only if |g + h| = 1 for some h ∈ P n with deg h ≤ 1.
Proof. Since deg g ≥ 2,ĝ(a) = ±2 n for all a ∈ F n 2 . Case 1. |g| is even. By (7.1), 0 ≤ |ĝ(a)| ≤ 2 n − 4 for all a ∈ F n 2 . Hence
Case 2. |g| is odd, By (7.1), 2 ≤ |ĝ(a)| ≤ 2 n − 2 for all a ∈ F n 2 . Hence
The equality holds if and only if ĝ(a) 2 = 2 2 or (2 n − 2) 2 for all a ∈ F n 2 . First assume that the equality in (7.5) holds. Since a∈F n 2 ĝ(a) 2 = 2 2n , for at least one a ∈ F n 2 , ĝ(a) 2 = (2 n − 2) 2 . By (7.1),
Thus |g + a, · | = 1 or 2 n − 1. Let
Then |g + h| = 1, as claimed. Now assume that |g + h| = 1 for some h ∈ P n with deg h ≤ 1. Then for every a ∈ F n 2 , |g + a, · | = 2 n−1 ± 1, or 1, or 2 n − 1.
It follows from (7.1) thatĝ(a) = ±2 or ±(2 n − 2). Hence ĝ(a) 2 = 2 2 or (2 n − 2) 2 for all a ∈ F n 2 . Therefore the equality holds in (7.5).
The equality holds if and only if f ∈ AGL(n, 
for all 1 ≤ i ≤ n, where c i ∈ F 2 and g i ∈ P n−1 . Note that (c 1 , . . . , c n ) = 0 since otherwise, f is independent of X 1 and cannot be a permutation of F n 2 . By composing a suitable element of GL(n, F 2 ) to the left of f , we may assume (c 1 , . . . , c n ) = (1, 0, . . . , 0). Thus f = X 1 + g 1 (X 2 , . . . , X n ), g 2 (X 2 , . . . , X n ), . . . , g n (X 2 , . . . , X n ) .
It follows that g = (g 2 , . . . , g n ) is a permutation of F n−1 2 . Case 1.1. g / ∈ AGL(n − 1, F 2 ). Using induction, we may assume
Note that if g is not affine on a 2-flat {y 1 , y 2 , y 3 ,
, f is not affine on the 2-flat {(x i , y i ) : i ≤ i ≤ 4} where
We may assume g = id. In this case, the 2-flats on which f is not affine are precisely
where {y 1 , . . . , y 4 } is a 2-flat in F n−1 2 such that 4 i=1 g 1 (y i ) = 1 and x 1 , . . . , x 4 ∈ F 2 with
We have
If the equality holds in the above, then the equality in (7.5) holds with g 1 in place of g. By Lemma 7.1, there exists h ∈ P n−1 such that |g 1 + h| = 1. Using a linear transformation, we may replace g 1 with g 1 +h. Thus we may assume |g 1 | = 1. Then clearly, 
We claim that we can partition F n 2 \ {0} into A and B such that
Note that ∆(a), a ∈ F n 2 \ {0} form a partition of
Hence A and B also have the desired property. Therefore, among the 2-flats which are a union of two elements in ∆(d), there are at least 2 · (2 n−1 − 2) on which f is not affine. Since this statement is true for all d ∈ F n 2 \ {0}, it follows that
For the remainder of this section, we compute the number of permutations f ∈ Per(F n 2 ) with 2-coaffinity(f ) = 2
Lemma 7.4. Let n ≥ 3 and choose a ∈ F n 2 \ {0}. Let τ ∈ Per(F n 2 ) be the transposition which permutes 0 and a and let f ∈ AGL(n, F 2 ).
(
(⇒) Assume to the contrary that f ({0, a}) = {0, a}. Without loss of generality, assume f −1 (0) / ∈ {0, a}. Since n ≥ 4, there is a 2-flat A in F n 2 which contains f −1 (0) but does contain 0, a and f −1 (a). Write
which is not a 2-flat. This is a contradiction.
(ii) (⇐) Without loss of generality, assume a = (1, 0, 0). Then
Since f (a) + f (0) = a, we have
where b ∈ F 3 2 , A ∈ GL(3, F 2 ) and aA = a, i.e.,
(⇒) Assume to the contrary that f (a) + f (0) = a. Then f {0, a} = {0, a}. Without loss of generality, we may assume f −1 (0) / ∈ {0, a}. By the proof of (⇒) of (i), it suffices to show that there is a 2-flat A in F 3 2 which contains f −1 (0) but not 0, a and f −1 (a). By the assumption, the set {0, a, f −1 (0), f −1 (a)} is not 2-flat of
, hence it either has only three distinct elements or is a frame of F (x 1 , x 2 , x 3 ) : x 1 +x 2 +x 3 = 0 is a 2-flat which contains exactly one of the elements in the frame. Using a suitable affine transformation, we see that for any frame { 0 , . . . , 3 
Corollary 7.5. In the notation of Lemma 7.4, we have
Proof. Let f ∈ AGL(n, F 2 ) be given by
where A ∈ GL(n, F 2 ) and b ∈ F is given by
Proof. Let τ ∈ Per(F n 2 ) be any transposition. By Theorem 7.2, the number of f ∈ Per(F n 2 ) with 2-coaffinity(f ) = 2
The result follows immediately from the above corollary.
Proof of the Threshold Conjecture for
The Threshold Conjecture for k = 1, q > 2 is proved in two steps: first n = 2 then n ≥ 3. For n = 2, the cases q = 3 and q ≥ 4 require different treatments. The group of all invertible semi-affine transformations of F n q is denoted by AΓL(n, F q ). For any two distinct points x, y ∈ F n q , xy denotes the line through x and y in F Assume that for every z ∈ F 2 q , there is a line through z which is not mapped to a line by f . Then there are at least two lines through z which are not mapped to lines. Since each line contains q points, we have
Therefore, we may assume that there exists z ∈ F Since f (1, 1) = (1, 1), by (iii), the line {(x, x) : x ∈ F q } is mapped to itself. Hence
Assume that for every a ∈ F q \ {0}, all lines through (a, 0) which are neither horizontal nor vertical are not mapped to lines. Then we have
Therefore, we may assume that there exist a ∈ F q \ {0} and a line L through 
By (i), we have
Using (8.1), we obtain
For any b, x ∈ F q , by (8.1) and (8.2),
Combining (8.1) and (8.3), φ is an automorphism of F q . Hence f ∈ AΓL(2, F q ), which is a contradiction.
The equality holds if and only if f ∈ AGL(2,
Proof. Case 1. There do not exist two nonparallel lines in F 2 3 which are mapped into lines by f . Then
Case 2. There are two nonparallel lines L 1 and L 2 in F 2 3 which are mapped into lines. Note that f is affine on each of these two lines. (This a special property of F 3 .) Therefore, through suitable affine transformations, we may assume that
. f is a transposition and 1-coaffinity(f ) = 6. Case 2.2. f moves exactly three elements in {1, −1} × {1, −1}, say, f = (a 1 , a 2 , a 3 ) where {1, −1} × {1, −1} = {a 1 , a 2 , a 3 , a 4 }. For each a ∈ {1, −1} × {1, −1}, let L a be the unique line through a such that
is not a line since a i is not fixed by f but the other two points on L ai are. Note that the third point on the line a 4 
is not a line. We also claim that for 1 ≤ i < j ≤ 3, f (a i a j ) is not a line. Otherwise, without loss of generality, assume that f (a 1 a 2 ) is a line. a 1 a 2 must intersect L 1 ∪ L 2 , say, at a 0 . Note that a 0 , a 2 ∈ f (a 1 a 2 ) . Hence f (a 1 a 2 ) = a 0 a 2 = a 0 a 1 . Thus a 2 , a 3 ∈ f (a 1 a 2 ) = a 0 a 1 , which is impossible.
Therefore, a 2 , a 3 , a 4 ) , where {1, −1} × {1, −1} = {a 1 , a 2 , a 3 , a 4 }. By the argument in Cases 2.2, f (L ai ) (1 ≤ i ≤ 4) and f (a 1 a 2 ), f (a 2 a 3 ), f (a 3 a 4 ), f (a 4 a 1 ) are not lines. Hence 1-coaffinity(f ) ≥ 8 > 6. Case 2.4. f = (a 1 , a 2 )(a 3 , a 4 ), where {1, −1} × {1, −1} = {a 1 , a 2 , a 3 , a 4 }. Assume a 1 = (1, 1). If a 2 = (1, −1), let g ∈ GL(2, F 3 ) be given by g(x, y) = (x, −y).
Then it is easy to see that g • f is the transposition which moves (0, 1) and (0, −1).
If a 2 = (−1, 1), let h ∈ GL(2, F 3 ) be given by h(x, y) = (−x, y).
Then h • f is the transposition which moves (1, 0) and (−1, 0).
We now turn to the proof of the Threshold Conjecture with k = 1, q > 2 and n ≥ 3. 
Proof. Use induction on n. First assume n = 2. Case 1. There do not exist two nonparallel lines in F 2 q which are not mapped into line by f . Then 
So, we assume that there exists a line
, by Theorems 8.1 and 8.2, 1-coaffinity(f ) ≥ 2q > q + 1.
So we assume that f (F
If there are two points
Now assume n ≥ 3. Case 1. For any two nonparallel hyperplanes H 1 and H 2 in F n q , f is not semiaffine on at least one of H 1 and H 2 . Then f is not semi-affine on at least hyperplanes, we have
Case 2. There are two nonparallel hyperplanes H 1 and H 2 in F n q such that f is semi-affine on both H 1 and H 2 . Since f (H 1 ) and f (H 2 ) are (n − 1)-flats in F m q whose intersection is an (n − 2)-flat, their affine span in F m q is an n-flat which, without loss of generality, is assumed to be F n q ×{0}. Through a suitable semi-affine transformation, we may assume that (8.5) f (x) = (x, 0) for all x ∈ H 1 .
Since f (x) = (x, 0) for all x ∈ H 1 ∩ H 2 and since dim(H 1 ∩ H 2 ) ≥ 1, f | H2 must be affine. Then it is clear that through an additional affine transformation, we may assume that in addition to (8.5), (8.6) f (x) = (x, 0) for all x ∈ H 2 .
Thus we have (8.7) f (x) = (x, 0) for all x ∈ H 1 ∪ H 2 .
First assume that there are at least 4 points a 1 , . . . , a 4 ∈ F n q \ (H 1 ∪ H 2 ∪ H 3 ) such that f (a i ) = (a i , 0). From the above, 1-coaffinity(f ) ≥ 4 q n−3 (q 2 + q − 6) − 1 − 4 2 = 4q n−3 (q 2 + q − 6) − 10 > q n − 1 q − 1 .
Next, assume that there are exactly s points a 1 , . . . , a s ∈ F n q \ (H 1 ∪ H 2 ∪ H 3 ), where s = 2 or 3, such that f (a i ) = (a i , 0), 1 ≤ i ≤ s. Then for every line L passing through exactly one of a 1 , . . . , a s , f (L) is not a line. Hence 1-coaffinity(f ) ≥ s · q n − 1
Finally, assume that there is exactly one point a ∈ F only when f ∈ AΓL(n, F q ) • τ • AΓL(n, F q ) for some transposition τ ∈ Per(F n q ). It is an open question whether the same holds for q > 3, k = 1 and n = 2.
